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Discussion of an Uniqueness Theorem 
by L. N. Slobodetsky and M. I. Chramov, 
for Solutions to the Cauchy Problem for a Quasi-Linear 
Symmetrical System of Differential Equations. 
by 
J. H. Billings 


The generalized Cauchy problem is succinctly 
explained by I. G. Petrovsky ([Ll1], page 26). Briefly, 


we are given a system of N equations with N unknown 


functions Uz» Up, * * *y Uy 

ig a a eee ee) ae a —- O 
P XX, 9% 7 Uy > 9» k k. k? = 

\ 


ose lle eta. 1, 25.0 SN) 


and are required to find a solution for Uy,» U5, ***U of 


N 
this system in some neighborhood of a smooth n-dimensional 
surface EE, this solution to satisfy ccrtain prescribed 
initial conditions. In their paper, (L2]), Slobodetsky 
and Chramov consider the question of uniqueness of a 
solution to this Cauchy problem for particular quasi- 
linear systems of the lst and 2nd order. Because their 
systems contain a certain type of symmetry, the question 


of uniqueness is answered more easily by a direct 


examination of the system itself, than by an attempt to 
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2peoryg £ / 
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reduce it to the question of unidaueness of a solution to 
a related linear system, in the manner of Hadamard (L3]). 
We will put most of our attention on the 


symmetric system of the lst order. We say that the 


system 
n N 
ok a (i) Qu. eo @ @ 
>t = ail > Baik =>" = {. (k = 1,2, »N) (1) 
=u jet L 
ay ai Ci) 
(where Ask = arte (t,x,u) and f. = £.(t,x,u) are complex 


functions of the real variables t and x, and the unknown 

vector-function ue = (xpos xe) and u = Cujys°""s uy) 

is symmetric in some domain D of the (n+N+1)-dimensional 

space (t,x,u), if in D we have 

co) 2) 

jk ae (i = eee ore a= 162 ND) (2) 
The domain D, if it contains points M(t,x,u), 

must also contain the points M(t,x,u) where u = (a) ,°°", Uy). 

It is further assumed that the domain is bounded by the 

plane t = 0, and lies in the region where 0 < t, for 

physical considerations. 

Slobodetsky and Chramov showed that a solution to 
system (1) is unique in a certain subdomain of D if the 
following conditions are satisfied: 

l. The system has the symmetry described above, 

2e The functions al’ are continuous and have 
continuous derivatives in D, with respect to the 


variables Xp oXiy Up’ *%y Uyeo 








Cl 


o. The vector function f satisfies the 
inequality 
[|f£(t,x,u) - £(t,x,v)] < &(|u-v ) (3) 
when (t,x,u) and (t,x,v) €D. 
4, F(Z) = VYZ 6(2) is a positive, increasing, 


and concave function, such that 


je diverges, 0 < § (4) 
O 
The quantity |u-v| is defined as follows: 
lu-v| = (u-v, cL 
where the scalar product of two vectors Z = (4, 5°°' 4) 


and y = (¥y9 °° Yq) is given by 


N 
(Z,y) = L, Zs Ya 
N V2 
Thus [u-v| = 2, (us-v., us-v.) 


F(Z) is called a concave function in some 
interval (a,b) if for any 4, € (a,b) alee lll) 


and for any non-negative 1, (k = 152,27") such that 


m 
5 1, = 1, we have the inequality 
k=] 
mi m 
is “A Fad SHE YZ, 
Kal k=l] 


It is remarked that these conditions of 


uniqueness of the solution for such a system appear 
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Similar to the conditions of Osgood ([4], page 344), 
as discussed by J. Tamarkine (Ld]) for the uniqueness 
of the solution of the Cauchy problem for a system of 
ordinary differential equations. The condition of 
Lipschitz for the uniqueness of a solution to the 
equation oe = f(x,y) is the well known inequality 
If0%,¥5) - FOx%,y,)1 < K lyo-y, I 
In his paper (L4]), Osgood extended the Lipschitz 
condition in the following manner. Given a continuous 


function w(u) such that 


C)(0) = 0; O < Wu), 0 < uy w&(-u) = wu) 


Yo du 
and lim f 


=—- 
Bas, E us Cu) 

then if 

[£(X,Y5) *< f(x,y, )| S WY 5-¥,) for |a-x| $ ce 
[b-y, | < 5S, [b-yo| ¢ S$, then at the point x = a, the 
solution will take the value b and this solution will be 
unigue. Tamarkine reformulated this condition by noting 
that if 

l£(%,¥5) - ECV <¢ wllyo-y 1) 
where Wis a continuous, positive, increasing function, 


and w(0) = 0, then the solution is unique if, 


u 
: du 
for 0 <a =< ull = 0 
O Scat a (u) 


We shall now attempt to demonstrate the proof 


that these conditions stated by Slobodetzky and Chranov 
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Go indeed insure uniqueness in the very particular case 
when n = 1 and N = 2. The system (1) can then be 


written out explicitly as 








du, Quy 3 U5 
Site ol See orkaee eo 
(5) 
ou ou Qu 
Pa 1 2s 
St 7 412 Dx + Fag Fx + FQG, tw) 
which of course may be also written in matrix form 
(22). ca) (23). (£) (6) 
a a 
where A = as ah 
ie “2a 


This symmetrical system (5) is of the hyperbolic type 
described by Petrovsky (Llj page 53) because its 
characteristic equation 

(aX) - AS Hl = 0 (7) 
has only real roots for any realey. This is readily 
seen by expanding the determinant to get 

WN = (ayy + aQQIMA - (ayy AQ9 + ApQAQ))K~ = 0 
By the symmetry property assigned to this system we note 
that a,, and aj, are real, and that aj), a5, = ke lee 
Thus the discriminant is  “E (a, 47855)" x 4la,o/7] 
which, for a real & , is always greater than zero. 
Since no restrictions have been placed on the multiplicity 
of roots of the characteristic equation (7), this system 


does not, generally speaking, belong to the class 


"hyperbolic in the narrow sense" discussed by 
Petrovsky (L1] page 59). 

Because of the symmetry property assigned to (6), 
the matrix A is Hermitian, or self-adjoint, and there is 
associated with it the Hermitian form 


H(y:X~) = (A&xy,y) (8) 


- 1S again the scalar 


. 
where (A&Ky,y) = “~_ (A&%y). y 
El Jud 


product of the vectors A«xy, and y. Since the Aik are 
to be continuous on a closed domain to be described below, 
we can say that |S <q and A»! < Ls for = 1, where 
ae are the roots of equation C2). It is easily shown 
that L < Mg, where M is an absolute constant independent 
of the coefficients of system (6). We may further point 
out a property of the Hermitian forn, 

IH(yis) gL lyl“o< (9) 
where |y| = 1 y,y ) is the length of the vector y. 

The domain _n_(t) in the 2-dimensional space 
(t,x) is called "fundamental" for equation (6) if it is 
restricted to be between t = 0 and QO< t = T and is 
bounded by a smooth curve E, the exterior normal to 
which forms an acute angle (n,t) with the t-axis, such 
that tan(n,t) < — . We further denote by S(t) any 
section of.n_(T) by a line t = constant. See figure l. 
We will show that for any solutions u(t,x) and v(t,x) 


which satisfy the prescribed initial conditions, and 


such that (t,x) E& m (T) => (t,x,u) and (t,x,v) E€ D, 








Figure #1. «= sketch of O27) 





then u(t,x) = v(t,x) in the fundamental domain .Q(T). 
Since u and v are both assumed to be solutions 


of (6), we may subtract one from the other to obtain 


AA # = A(t,x,u) ou + £(t,x,u) - A(t,x,v) ~ 7 
f(t gv _ 3 
= cian + fides BE = ath 
(10) 
or \ 
Sad Aan ee) v) rs jacu)-acw)] ov + f£(uv) -f(v) 


where for brevity we write A(t,x,u) = A(u), A(t,x,v) = 
A(v), f£(t,x,u) = f(u), and f(t,x,v) = f(v). Multiplying 
equation (10) from the right and from the left by the 


vector (u-v) and adding the two results we obtain 


CEE 


selu-v|? -(au ra] =), uv) (wv), A(u) aquv)), 


+ 2 Ye [acwy-aco9 24,0) + 2 xe (ecu)=£00) 0-y) 


The last two terms on the right hand side of (11) are a 

result of the Hermitian type of symmetry assigned to the 

matrix A, and the definition of the scalar product employed. 
If we now take the total derivative of the 


expression (A(u) (u-v), u=v) we see that 
i Acu)(u-v), u-v) » (14ed (u-v), ~ 
-(acay 26 s(u= Stuy) Gh, (12) 


+(A(u)(u-v), ~u-v)) 





—_— 
_ 





But (a(u)(u-v), 2p) = 


a, 0) Ap, (u) uy\ 9 Cu, -v,) 
O 


To) (U5-Vo) 
ayo(u) Ano (u) Don} ae a 


Tey oar 
Tey ie Ow 7 AT) 5 eee 


Ox 
FP > (u,-v,) Gus. 


while ((u-v), A(u) aie) | = 
Ox 


a), (u) Ao) (u) 9 (uy -vy) 





( ) 3x 
= u,~-V Ua-V oO 
ii icra 
a) 24) Aoo(u) San ay 
(u,-v,) 9 Cus-v,) 
= eypfase ee + Ap, (u) = + 
d Cu, -v, ) 5 (u5-Va ) 
+ (Ug-Vo) Gre — + Apo(u) Saw | 
so that (a(u)(u-v), 2G), (u-v, A(Cu) 26a ) 
and hence (12) may be rewritten 
(aq) Sv), u-v ) + (u-v, ACu) =). 
(13) 


— A(u)(u-v), uv ) - (240)_(u-v), u-v ) 


a OX 








From the condition of continuity imposed on the 


derivatives of Ai: we know that the matrix Ae 1s 


bounded in the fundamental domain so that we may assert 


that (14) 


(aacuy (u-v), cu-v)) $M, |u-v| where M 
; 3 


positive constant. 


isa 
1 





Now by expanding the matrix product and noting 
that the absolute value of a sum (or difference) is less 
than or equal the sum of the absolute values of the 


individual terms, we see that 


Re mine - aww) 2 ar u- ) 


< a a, ,(u) aa + Re Ay, (u) - | Ju, -vj 1 + 
Mo 


< 





ov) 


o| % 


a, (v) -= + Rea 91 Vv) x | : [u,-v,| 








ae 
dV5 
+ |Re a 12) ae + a 99 (4) ax 2 , uy-vol + 
V V 
+ ‘ a) o(v) = + Ano(v) 22 | : |u,-vo| ; 





Again utilizing the boundedness of the elements Aik and 


the derivatives involvec, we see that 


(0 - a(v) ) 2, +) | < 


2 
Blu, -v,|+Clu,-vol < Mo |u-v| 


(15) 


where B, C, and Mo are positive constants. 
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From (3) we note that 


2| Re (£(u) - f(v), _— | a 2|u-v| 6 (\u-v1) = 


2F (| u-v}) 7. (16) 
Then substituting (14), (15), and (16) into (11) we 


see that 


2. 
Slag < - (a(u)(u-v), u-v) + 
(17) 


+ Ma |u-v| 9 + oF (| u-vi)* 


where Miz is a positive constant. Let us now integrate 
(17) over the fundamental domain n(t) for 0 < t < T, 
by applying Green's formula. Taking this term by tern, 


and observing that u =v for t = 0, we obtain the 


following: 


re 
ye ee MALE dt dx = ff | u-v| 2 n, ax = 
te. oe is t 


= f lu-v| 7 dx + f lu-v| > ny dE 
S(t) BE | 
where ny = cos (n,t). 
us . 2 (A(u)(u-v), u-v) dt dx = 
in ax 
d = 
= f o-{ nco-vsa} dt dx = { H(u-v3:l)n_ dt = 
jp ax a x 


= f H(u-vil)ny dt + / H(u-vil)n, dt = { H(u-v:«)dt. 
Ee E 
S(t) 


where X = ny = sin(n,t) = cos(n,x). 





a 
=> = 
’ 
= ee 
eS oe a 
' 7 
> 
' 
' a 
- 
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ees Ju-v| “abc enaey fl fiswi2 cos(n,t) - 
> * S(t) E 


(18) 


t 
- H (u-v: cost) dE < Me f apf lu-v| > dxe 
7 O S(y) 


t 
+ 2) jae) F(|u-v|) ax. 
0 SCF) 


According to inequality (9) we may assert that 
lu-v|° cos(n,t) - H(u-v:cos(H,x)) > Ju-v| 2 | cos(i, t) - 
=e ; _ _ cos(n,t 

L sin(i,t)| 2 0, since L < ctn(n,t) = oa 


Thus we have 


t 
ip lu-v|° dx < M, ada lu-v| 7 ax + 
(t) ~ O S(t) 


t 3 (19) 
+2farf F(ju-v]%) dx. 
0 sm 
Because F(Z) is concave, we know that in an interval 
(a,b), where 4, € (a,b) and > 1, =1 
_™m 


m : 
bd an 
1,F(Z,) < F\ 1,Z 
k=1 k k : ‘k=l k ky 


Multiplying and dividing by the length of the interval, 
say b - a, gives 
m m 


1 > 1 > a 
b-a ra] k k = b-a = kk 


Then if we let m increase indefinitely, we see that 
1,.(b-a) becomes a k-th subinterval of (b-a) and each 


side is a Riemann sum, so that 


ee fs F(Z)ax S ro f Zax). (20) 


I2 
Applying (20) to equation (19) we see that 


t 
f ju-v| > dx < M, if) 2aaf ju-v| > dx + 
S(t)- = O s(H 


nae poco" (stay ed ex] ag (21) 
where o (fF is the length or measure of the line segment 
Bis). 

Without loss of generality we may assume that 
o(¥) <¢ 1. Again taking into account the fact that 


F(Z) is concave, we obtain that 


o (F)F(X)) + A-o() F(x,) < F(x,o(9)) + Xo \-«(9)) ° 


If now we let X5 = O, and observe that F(0O) = O we note 


that 
s(PF(Z) ¢ F(z.) (22) 


If now we let Z(t) = Lo re dx and apply (22) to 
S(t 
equation (21) we find 
t t 
At) Ms f aay + 2 L F(2(t)) ar (23) 


and the proposition will be proved if we show Z(t) = 0 
for O < t < T. Let us suppose the contrary. We know 


that Z(0) O. Therefore there must exist two numbers 


o > 0 and / > 0, such that 
(a) Z(t) = O when O ¢ t SA. 


(b) O< Z(t) < 1 when %~<t< a, 
Then forx < P< A, we see from equation (22) that 
F(L)IZM® < F(2(7)) , and hence 
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Z(t) < ~~" f F(z) ) av + 


+ 2 f'r(2@)) d M, fre) ) ay, 


t 
or Z(t) ¢ My J F (20) ) ar, x«<<tc<fF, (24) 
where since F is an increasing function, F(l) > 0O. 


t 
Now put §(t) = M, L F(Z) qd}. Then, since F(Z) is 


an increasing function we have; 


ius (G9) a My F(z(t)) < My F (§(t) ) F (25) 


dt 


Evidentl pO a$ <M,(f-&) (26) 
viqaen as 
an | REN 


which contradicts the divergence of the integral 
fal 0< 5. QED. 
Thus the uniqueness has been demonstrated. 

To demonstrate the practical applicability of 
these uniqueness conditions let us consider briefly 
Miaxwell's wave equations. Of course, solutions to 
Maxwell's equations have been attained in other ways, 
(c. f. Courant and fiilbert [6]), but this will serve to 
illustrate our principles. Maxwell's wave equations 


ares 
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*- 1 JE 
(1) VxH=@ aise 
~ 1 OH 
(2) Vc 
(3) Tain) \/ ee 6 
where E = E(x,y,Z,t) is the electric field strength 


vector, Hee H(x,y,Z,t) is the magnetic field strength 
vector and C = constant velocity of light in vacuum = 


ex 107° 


cm/sec. 
Cbviously for our purposes we need consider only 
system (1). In component form we have 


OB, oH ou 




















3} Dy 
= 3 5 -C 
ot 2X5 OX, 
OE, oH, OH, 
5 = C + er C 
5 Xz Xx) 
0 E. P SH, a oH, 
st Ox Ox ° 
l 2, 


Denoting By» Bo) and E. by Uj,» Uo» and uz respectively 
and Hy, Ho» He by Ug, Us, Us respectively, Maxwell's 
equations take the form of system (1). We see that our 


coefficient matrices will then be as follows: 
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/o 010 ZOOM 

000 00 0 

(1) (1) r 9 0 00 0 0 
Se 9 00 0 00 
0 00.0 Fomee 

000 0 0 0 

000 00 0 

000000 

(2) (2) 00 90 0 0 0 
a = (Ga) = 00000 C 
OMe00 0) OOO 

Oe On One IRONO 

© Bye Oe 

00000 0 

(3) (3) 0000 0 0 
= (a) = 00004 0 
000C00 

000 00 0 


and in matrix forn, 


= 
(32). Bd A* $i (27) 

If now we multiply both sides by / -I I our matrix A 
takes on the desired Hermitian type of symmetry and we 
are ready to test our conditions. 

l. The system does have the required symmetry. 

2. The functions a, being constants, are 
continuous and do have continuous derivatives in any 


prescribed domain, with respect to all variables. 
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oe Since fi. = O, the inequality 
|f(t,x,u) i f(t,x,v)| S$ h (| u-v| ) 


is satisfied for 6 (|u-v|) = |u-v|, say. 
4. Then F(Z) = V2Z & (V Z) =2Z is a positive 


increasing concave function such that 


—— 


Although in the case of Maxwell's equations as 
stated, the vector-function f is identically zero, we 
note that the uniqueness of the solution is not 
destroyed even though a perturbation effect is present, 
so long as the perturbing function satisfies the 
inequality conditions of 3 and 4. 

We will conclude with a statenent of the con- 
ditions required for uniqueness of the solution of a 
Symmetrical system of second order, which in matrix 


notation has the form 


n 
0 -u 3 2u 
gy {Seid oxqax, * 
3+2 Poe 1” J 
3 
+ f£(t,x,u, Qu oa mer, —~. (28) 
Ot ox ox 


n 
The proof of this uniqueness can be found in reference 
work [2], and is very similar to the proof for the first 


order systen,. 





_ 
® 4 
a 
’ 
a a ee = 
’ a 
J o. 7 4 
_ 
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The symmetry property appears in this statement, 


that the matrix 








ou ou ee 1 
Aj; = A, j(t,x,u, one ie ? ? Fe ) 
i n 
is Hermitian, and Ajj = Asie It is further assumed 


that for any n-dimensional vector ; 
n 
2 > 4564 §; 
wash > ashisy - 
1, 


where “+0 is a real number. From (29) follows the 


fact that for any real x w the characteristic equation 


n 


- A, ge 
oe eS 








has only real roots, and hence system (28) is hyperbolic. 
Let the following conditions be satisfied: 
l. The matrix A is continuous and is 


continuously differentiable with respect to the variables 











OU, OUy du, du, 
yO Se ies at Maree ‘9Uyp ST ae ee dx)? Ox 
n 
2. The vector function f satisfies the 
inequality 
Ou du ° 
f(t,x,u, ae a eer oo) ve 
| n 








= f£(t,x,Vv, Sy, ow. 9 ° 7% 4 ~ ) 


WA 





—_ 
a> 
=> 
os - <=> 
— a = 
- _ os 
_ 
hal : 7 
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| ‘i 
ou ov = 
os! { siamee | 2p - 3e 
= | \ k=O OX, OX), 
Ou . Ou 
wnere aX = “See e 


3. F(Z) =VZ & (VY Z») is a positive, 


non-decreasing, and concave function such that 


3 


dz ; 
L FZ) diverges (O< 5 ye 


Then if u and v are two twice-continuously 


differentiable solutions of system (28) which satisfy 


the initial conditions 





u V 
t=O t=O 

ou ov 

ot 2 ot 
t=0 t=O 





these solutions must coincide in some fundamental domain 
of system (28). As a final note, this uniqueness theorm 
is valid in particular, for a single quasi-linear 
hyperbolic equation of the second order. Thus the work 
of S. L. Soboleff [7] in regard to obtaining a priori 
values for single hyperbolic equations of second order 
can perhaps be extended analogously to such symmetrical 


systems. 
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